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Abstract. Numerical solutions of the perturbed Sine-Gordon equation in two space variables, arising from a
Josephson junction are presented. The method proposed arises from a two-step, one parameter method for the
numerical solution of second-order ordinary differential equations. Though implicit in nature, the method is applied
explicitly. Global extrapolation in both space and time is used to improve the accuracy. The method is analysed with
respect to stability criteria and numerical dispersion. Numerical results are obtained for various cases involving
line and ring solitons.

1. Introduction

Over the last few years, it has become increasingly apparent that many physical phenomena
in one space dimension can be described by a soliton model. Most of these models are based
on simple integrable models such as the Sine-Gordon (SG) model, Korteweg-de Vries (KdV)
equations and the nonlinear Schrodinger equation (NLS) [1, 2]. The soliton structures in
these models are believed to be related to the integrability of the models themselves and the
existence of an infinite number of conserved quantities is attributed to a remarkable stability
of interacting solitons.

In recent years, some attention has also been paid to models which possess soliton-like
structures in higher dimensions. In particular, the Josephson junction model [3] which consists
of two layers of superconducting material separated by an isolating barrier. This model is
found to have many applications in electronics and can be described by the two dimensional
undamped Sine-Gordon equation. Moreover, it is found to possess soliton-like solutions [4].

Analytical solutions to the unperturbed Sine-Gordon equation with zero damping in higher
dimensions have been obtained by Hirota [5], Lamb’s method [6], Bicklund transformation
[7, 8] and Painlevé transcendents [9], while approximate solutions, chronologically, include
those obtained by Christiansen and Lomdahl [4] and Argyris et al. [10]. The method proposed
by Christiansen and Lomdahl was based on a generalized leapfrog method; and the develop-
ment of the method by Argyris et al. was based on finite element techniques. Both methods
have been applied successfully, for example, for the undamped Sine-Gordon equation in two
space variables for a number of initial conditions, although in some particular cases, the finite
element method appears to perform slightly better than the leapfrog method but at the cost of
approximatively 25 times higher than the leapfrog method.

The presence of dissipative effects or other small perturbations can never be avoided in
more realistic physical systems and lead also to equations too complicated to be integrated
exactly. Thus, one may ask the basic question on how the soliton properties of the unperturbed
Sine-Gordon equation in two space variables would be modified, if a perturbed term is added.
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The perturbation considered here is a dissipative term and corresponds to a physically relevant
effect in real Josephson junctions [11].

In this paper, the effect of the dissipative term in the solution of the Sine-Gordon equation
in two space variables will be studied numerically. The method proposed is derived in Section
3 in which it is shown that the leapfrog method of Christiansen and Lomdahl [4] is in effect a
special case (or a sub-scheme) of the proposed numerical method. The method is not expensive
to implement, as the solution vector is obtained explicitly. In Section 4, the method is analysed
with respect to stability criteria and numerical dispersion (the amplitude and phase errors of
the method are analysed using a localized Fourier analysis). In Section 5, global extrapolation
in both space and time is used to improve the accuracy of the method.

Numerical results obtained using this method for a sequence of initial conditions are
reported in Section 6. The initial field distributions are chosen as kink profiles from one space
dimension across lines or closed curves lying or moving in the xy-plane. Such waves will be
denoted line and ring solitons respectively. In sub-section 6.2, superposition and perturbed
line solitons as well as a moving-line soliton in inhomogeneous medium are investigated.
Finally, the pulson behaviour of ring solitons in the case of a circular ring and the collision
between non-concentric expanding ring solitons are also investigated.

The method developed is first tested on an equation for which the exact solution is known
and then applied to an equation for which analytical results are not available at present.

2. The Associated System of Ordinary Differential Equations

Numerical solutions are sought to a Josephson junction which can be described by a damped
Sine-Gordon equation in two space variables [11-12] given by
82u+82u_32u_ Ou _
8xr  oy?  Ot? at
in the region Q = {(z,y),—a < £ < a,—b < y < b} for t > 0, where S is the dissipative
term. The initial conditions are given at time ¢ = 0 and are of the forms

g F(z,y)sinu, B20, 2.1)

ou
u(x,y,0) = f(z,y) and a(w,y,O) = g(z,y)
—a<z<a, -bgyxghb (2.2)

The boundary conditions associated with (2.1) will be assumed to have the forms

o
a—z=p(x,y,t) for t=-a, and xz=a, -b<y<bd >0, (2.3)
du
bz=q(:c,y,t) for y=-b, and y=b —-a<z<a, t>0, 2.9

where p(z,y,t) and ¢(z,y,t) are normal gradients along the boundary of the region §2. The
function F(z,y) may be interpreted as a Josephson current density and f(z,y) and g(z,y)
represent wave modes or kinks and velocity, respectively.

It may be noted that for 3 = 0, equation (2.1) reduces to the undamped Sine-Gordon
equation in two space variables [4~10]. Some exact solutions of the undamped Sine-Gordon
equation: 8%u/8x? + 8%u/8y? — 8%u/Ot? = sinu have been obtained (see [5-9]) but not to
the damped Sine-Gordon equation (2.1), as far as the authors are aware.
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The solution of (2.1) is sought in some region R = Q x [t > 0]. The space intervals
—a < z < aand —b < y < b are divided into N + 1 subintervals each of width h; and h,,
respectively, so that (N + 1)h; = 2a and (N + 1)hy = 2b, and the independent variable
t will be discretized in steps of length I. At each time level t = t, = nl (n = 0,1,2,...)
the rectangle €2 together with its boundary 92 have been superimposed by a square mesh of
(N + 2)? points.

The solution u(z, y,t) of (2.1) is sought at each point (—a + khy, —b + mha, nl), where
k,m=0,1,2,...,NN+1landn = 0,1,2,.... The solution u(—a + kh;, —b+ mhy, nl) of
(2.1) will be denoted by uf ., while the theoretical solution of an approximating difference
scheme will be denoted by Ug,,, with

n __ n n n -Un T n . .

U* = (UO,O’UI,O""?UN+1,0’ O,I’Ul,l?""UN+1,1""’U&N+1’

T

)" (2.5

where T denotes transpose. Replacing the space derivatives in (2.1) by central difference
approximants and applying the differential equation (2.1) to each of the discrete points (—a +
khi,—=b+ mhy,nl) (k,m =0,1,2,...,N+1landn =0,1,2,...) at time level n, Eq. (2.1)
is transformed into the second-order initial-value problem

™ T
UI,N+1? tes UN+1,N+1

d?U(t du(t
® 4 6980 _ 4ue) + GU®) —b(t) =0, t>0,
dt? dt
_ du(o) _
U0 =f—— =8 (2.6)
where A = h;2B + h; 2C is a matrix of order (V' + 2)? with B and C given by
-2 2
By N 0 1 =21
B= B , with B) = o : 2.7
o 121
0 B, )
and
=21 2I
I =211
C = o , (2.8)
I =21 1I
21 =21

where I is the identity matrix of order IV + 2. The matrix B is block diagonal with tridiagonal
blocks and the matrix C is block tridiagonal with diagonal blocks. The vector G(U) is of order
(N + 2)? and is given by
G(U(t)) = (Fo,() sin U(),o(t), Figsin Ul’()(t), ...y Fng108in UN+1’0(t);
F(),l sin U(),l (t), F1,1 sin U1,1 (t), cesy FN+1,1 sin UN+1,1 (t);
......... ;FO,N+1 sin UO,N+1 (t) FI,N+1 sin UI,N+1(t),

s FNg1, N1 8In UN+1,N+1(t))T, (2.9)
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where Fy ., = F(—a + khy,—b+ mhy) for k,m = 0,1,2,...,N,N + 1, and b(t) =
b; () + b,(t) is a vector of boundary conditions with by (¢) and b,(¢) given by

2

bl(t) = h_(_p(_aa_bat)voy---,oap(aa _b’t);_p(_a" _b+h29t)a
1
0,...,0,p(a,=b+ hy,t);......... ;p(—a,b,t),
0,...,0,p(a,b,8))7, (2.10)
and
2
bZ(t) = EZ(—Q(_‘% —b,t),—q(—a+h1,—b,t),...,—q(a,—b,t);
0,......... ,0;q(—a,b,t),q(—a+hl,b,t),...,q(a,b,t))T, (2.11)
respectively.

3. A Numerical Method
3.1. DEVELOPMENT

Equation (2.6) can be transformed into a system of two equations, given by

% — QU@ +V(), t>0, U0) =T, 3.1)
and
9% = AU(t) + b(t) - G(U®), t>0, V(0)=g (3.2)

The numerical methods are based on the replacement of dU(¢)/dt, dV(t)/dt in (3.1) and (3.2)
by the first-order forward difference approximants

d((JhEt) _ U +l; —U®) L o) asi—o, 3.3)

d‘;it) _ Ve l; —V®) O(l) asi—0, (3.4)

where [ is an increment in time (the time step). The solution of a numerical method at the
point ¢, will be denoted by U" and V" (n =0, 1,2,...).

Evaluating U on the right-hand side of (3.1) and (3.2) at t = ¢, and t = ¢, respectively
and V in (3.1) at linear combination of ¢ = ¢,, and t,1, and then replacing dU/dt and dV/d¢
in (3.1) and (3.2) by (3.3) and (3.4) gives the implicit formula

{Un+1 =U" — I1U! 4+ ad V" + (1 — )IV*H, (3.5
Vit =V 4 [ (AU™ +b" - G(UM)), (3.6)
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which, provided 1 + I3 # 0, may be rearranged to give a family of numerical methods

Ut = T ﬁ(Un+an" (1 — a)lv™th, (3.7)

vl = v 41 (AU™ + b™ - G(UM)), (3.8)

where « is some real parameter. Clearly, method {(3.7), (3.8)} can be used explicitly by solving
first (3.8) and then (3.7), though its derivation (formula (3.5)) classifies it to be implicit.

It is worth noting that {(3.8), (3.7)} is a sequential algorithm for a # 1but, if & = 1, V**!
and U™*! can be found simultaneously (i.e. in parallel) using a computer with two processors.
Moreover, it can be seen also that by substituting yntl given by (3.8) into (3.7), the values
of U™t! and V1! can be found simultaneously, that is,

W" = AU, (3.9
1
n+l _ n n _ 2 n _ n
U 55 (U™ +1V" + (1 = )2(W" +b" - G(UM))) (3.10)
Vil =V L (W™ 4+ b" — G(UP)). (3.11)

The algorithm (3.9)—(3.11) is well suited to parallel computation. The dominant calcula-
tion is the matrix-vector multiplication AU" (the number of multiplications/divisions and
additions/subtractions required to calculate the matrix-vector multiplication AU™ are 2(N +
2)(4N + 7) and (N + 2)(6NN + 7) respectively) which can be done in such a way that the
components of AU™ can be calculated simultaneously using different processors. The calcu-
lated matrix-vector AU™ using different processors can then be used in equations (3.10) and
(3.11) to find U™*! and V**! simultaneously and thus the time needed to solve the PDE will
be reduced significantly.

3.2. LEAPFROG SCHEME

Substituting equation (3.8) into (3.7), leads to

Ut =< +w[U"+lV" (1 - @)l*{AU" +b" — G(U™)}. (3.12)

Writing, now, equation (3.12) at n := n 4 1, leads to

U = jlﬁ (UM IV 4 (1)1 AU 4 b7+ — G(UP) )],

3.13)

Subtracting equation (3.12) from (3.13) gives
n+2 _ _ 2 n+1 . n
U 1+w{[2+lﬁ)1+(1 a)l“AJU™ — (I — al*A)U
+2[(1 = a)b™! 4 ab™] — I*[(1 — @)G(U™!) + oG(UM)]} = 0.
3.14)
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By replacing @ = 0, 8 = 0and n := n — 1 in (3.14), equation (3.14) becomes
Ut = (21 + PAU™ — U™ 4 12b™ - PG(UM). (3.15)

It may be noted that method (3.15) is the leapfrog scheme used by Christiansen and Lomdahl
[4]. In effect this is a sub-scheme (or special case) of the proposed general numerical method,
which is shown in the next section, to have a wider range of application because of the
flexibility in choosing the values of « and 3.

4. Analysis of the Method
4.1. LocAL TRUNCATION ERROR

The local truncation error of (3.14) at the point u(z, y, t) is given by

u 3 6% Bu | u
Lz, w.1) = (_W P T <—6x26t * az2at>> ’

1 ,0% 1 ,8%
T2 T Mg
—(1 - a&)F(z,y)(sinu(z,y,t +1) — sinu(z, y,1)). (4.1)

Differentiating equation (2.1) with respect to ¢t and using the approximation
sinu(z,y,t + 1) = sinu(z,y,t) + [u(z,y,t + 1) — u(z,y,t)] dsinu/du, equation (4.1)
can be written as

u 1 0%u
L(z,y,t) = — (a%--i- (§+a) ﬁé‘{f)l
1 26u ,0%
+—= hla 7 12h 64+ (4.2)

Replacing, now, hy = ghl in equation (4.2), leads to

*u 1 0%u
L(z,y,t) = — (aaf + <"2‘ + a) '8_5—25—2-) l
1 (0% BB,
12 (5{4*22‘@) KA @3

From this last equation, it is easy to see that the method {(3.7), (3.8)} is second-order in time
when a83u/0t> + (1 + )36%u/8t* = 0 and first-order otherwise.

4.2. STABILITY ANALYSIS AND DISPERSION ERROR

In an attempt to gain some insight into the stability of the method {(3.7), (3.8)}, linear
stability theory is used for analysing the method. It is known that in the early stages an
instability develops in a very small region. Therefore, if the solution is slowly varying, an
instability may be predicted by means of a stability analysis of a localized version of the
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difference scheme. That is, in the case of scheme (3.14), of the equation

n+2 _ _1_ _ 2 n+l _ A2 n
U = 1+w{[(2+m)1+(1 Q)2AJU! — (I — aPA)U
+12[(1 — a)b™t! 4 ab™] — lzG(v)}, (4.4)

where v = maXock,m<N+1 |U£,m|. In deriving Eq. (4.4), the vector U™ in G(U"), given by
equation (2.9) is frozen (temporarily). However, although the application of the linear stability
analysis to nonlinear equations cannot be rigorously justified it is found to be effective in
practice (see for example, Greig and Morris [13] and Twizell et al. [14D.

Using Eq. (4.4), it follows that a perturbation Z"™ = U™ — U", where U" is the computed
solution, satisfies the equation

2 Q+18)I+ (1 - a)l’A ntl _ I—-al?A\ .
Z —( 1718 Z 1315 " 4.5)
This may be written as
E"t? = WE™H, (4.6)
or
E"t! = WE", 4.7

where E*t! = [(Z**1)T, (Z™)T)T and W is the amplification matrix given by

Q+18)+(1-a)PA (I-olP4A
— 1+18 1+18 | (4.8)

I 0

The global error in (4.7) will not grow as n — oo if the eigenvalues of the amplification
matrix W are less than unity in modulus. It is easy to see that the eigenvalues of W are given
by the solution of the equation

M 1A+ 1m =0, (4.9)
where 71 = (2+ 18+ (1 — @)l224)/(1 +18) and 7 = (1 — al?X4)/(1 + IB). Using the
Routh-Hurwitz criterion (see, for instance, Lambert [15]), the roots of (4.9) lie inside the unit
circle if

1+1n1+m>0, 1—-,>0, and 1 -7 4+m >0, (4.10)

Replacing 7 and 7, by their values in (4.10), leads to

44208+ (1 —2a)PA4 >0 (4.10a)
—PA4>0 (4.10b)
B+alrsy >0 (4.10c)
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where ) 4 is an eigenvalue of the matrix A. It can be shown that the (N + 2)? eigenvalues of
A are real and negative and are given by

km mn
Mem = —4 ( hi%sin? h‘2'2———>
m < S T T Ny )
k,m=0,1,2,...,N + 1. (4.11)

From equation (4.10a), it follows that for o > 2, Eg. (4.10a) is true for all / and for a < 2 ,
Eq. (4.10a) can be written as

_ 2
41 =20)17 <h;2 sin?

h—2 .2
1+28 +hy T sin

4.12)

2N+ 1) 2(N+1)> <l

The maximum value of the left-hand side of (4.12) occurs when sin? W = sin? 3 V +1

1. Hence,

4(1 —2a)l?
4423

that is,

(hT2+h72) < 1, (4.13)

B+ /B2 +16(1 - 20)0

< 4(1 — 2a)o ’ (@.14)

where o = hl_2 + h2_2.

Turning next to equation (4.10b), is is easy to see that equation (4.10b) is true for all
Aa < 0. For the case A4 = 0, the stability interval may be found by solving equation (4.9)
directly. Substituting A4 = O into Eq. (4.9), leads to

2+18 1

22— A = 0. 4.1
T3 1518 @.15)

The solutions of this equation are given by

1

=1 A= 155 (4.16)
From equation (4.16), it may be concluded that both solutions are less than or equal to unity
for 3 > 0 and hence the method is stable.

Finally, turning to equation (4.10c), it can be seen that for a < 0, Eq. (4.10c) is true for all
Aa < Oand for a > 0, Eq. (4.10c) can be written as

5
— 4+ 24 >0. (4.17)

al
For 8 = 0, (4.17) is not satisfied since A4 < 0 and hence the method is unstable. For 8 > 0,
it may be shown using (4.11) that

B
<1 (4.18)

Table 1 gives the range of values of o for which the method {(3.7), (3.8)} is stable.
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Table 1. Stability of the method (3.7)-(3.8)

a0 0<a<i aZi
B++/B2+16(1-2a)0 B++/Br+16(1-2a)0 8
ble for [ < Stable for < mi , — Stable for | € ——
Stable for [ < 20 =20)0 able for | < min (1—a) yyos able for Stos
and 3>0 and 3>0
Unstable for 5 = 0 Unstable for 3 = 0

The physical model of the Sine-Gordon equation represents situations requiring large-scale
time calculations. Thus, for wave simulations, the numerical method proposed should at least
possess two properties. The first is that the method should represent faithfully amplitudes of
the solution for many time steps and the second is that, since the positions of the wave fronts
are as important as the amplitude of these waves, the proposed method should be capable
of predicting such wave fronts with minimal error. Therefore, the phase error (dispersion) of
the method must be small, over a long time calculation, since large phase errors can produce
solutions that are totally out of phase with the (unknown) exact solution. That is, the method
can produce solutions with exact amplitudes but with large errors in phase; a meaningless
solution would then be obtained. In any discretization procedure only long waves can be
approximated well. Thus, the amplitude and phase errors of the higher-frequency components
are of little significance, and the main interest is in sufficiently small £ and 7.

The numerical phase of a method is defined as

P(¢,n) = tan” ' [Im{G(¢,n)}/Re{G(¢, )}, (4.19)

where £, n are the Fourier variables and G(&,n) is the amplification factor (see Shokin [16]
and Turkel [17]). By applying the von Neumann method to equation (4.4), it can be shown
that the eigenvalues of the amplification matrix of Eq. (4.4) are given by

2
Gy - — 1+ dalp

- 1575 (@+18) - 4(1-0)Pu) G m) + —

=0,
(4.20)

where p = h72sin? 1€ + hy%sin? 1n with € = kihy and n = kyhy; ky and k; are the wave
numbers. It may be noted that the eigenvalues G(&, ) of the equation (4.20) are the same as
those given by equation (4.9); this may be seen just by substituting the eigenvalues A 4 of A
given by (4.11) into (4.9).

The discriminant of equation (4.20) is given by

A= (% - 16p —8(1 4+ a)Bul + 16(1 — a)?u?2. (4.21)
For A < 0, the solutions of equation (4.20) are given by
— ! 2 .
G(&,n) = 20+ 50 ((2 +18) ~4(1 — o)l*p £ zl\/—A) , (4.22)

where ¢ = +/—1. Substituting Eq. (4.22) into Eq. (4.19) leads to

IW=A
2+18)—4(l-a)i2u )"

P(¢,n) = £tan”! ( (4.23)
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Define now P4(€,n) = lw(ky, k2) to be the analytic phase, where w(ky, k2) is the disper-
sion relation. Then it can be shown that the dispersion relation for the equation (2.1) with
constant coefficients, given by

Pu, O ou

52 o ae P = Iy “4-24)
which can be reduced to
8* o* o* 19}
v gu _gu_g%_y (4.25)

o2 "o "oz Vat
using the transformation u(z, y, t) := u(z, y, t) + (2? + y?) F sinv, satisfies the equation
w?+ifw — k3 — k3 = 0. (4.26)

Solving this equation for w gives the dispersion relation

w= % (—iﬁ + /6% + 4(k2 + kg)) . 4.27)

Since Im{w} = —i3/2, equation (4.27) is dissipative for 3 > 0 and unstable for 3 < 0 in
which case the solution will grow without bound as time tends to infinity.

The numerical phase of (4.25) can also be shown to be given by (4.23). Thus, combining
expressions (4.23) and (4.27) gives the following formula for the phase error (dispersion error)

Ey(€,n) = P(&,n) — Pa(é,m). (4.28)

In the case 8 = 0, P4(£,n) = lw is real and so is E (&, n) which is given by

2l 1-(1- )2

(4.29)

Equation (4.29) can also be used when 3 — 0. For E4(§,n) > 0, the numerical solution is
said to be lagging behind the analytical solution.

Finally, it can be shown that the exact amplification factor of equation (4.25) is given by
exp(—ilw), where w is given by the dispersion relation (4.26). Thus, the amplitude error is
then given by

Ea(¢m) = |G(§ )| — |exp(—ilw)|

= /(1 +BD)=1(1 +4ai2p) — | [exp (—%ﬁz) (4.30)

5. Global Extrapolation in Space and Time

The full global error at each grid-point at time T is given by the quantity E (see (4.3)) which
has the form

E, =ley + (es + e3)h? + Ry, 6.1
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in which e; = —(@83u/0t + (5 + @) B0%u /01, e; = £0%u/0z* and e3 = b*/12a? 8*u/y*
are independent of [, by and T and the quantity R; is O(I"" + h{") where 7* > 1 and s* > 2
as hy — 0 and I — 0. Denoting by G; the grid characterized by hy, hp = h; and [, the
computation is repeated on a grid G, on which the space and time-steps are h;, h; and 1
respectively. The full global error at time T is now given by

E> =2"Ye; + h3(e2 + e3) + Ry, (5.2)

where R, = O(I" + h$"). Suppose now that the computation is run a third time to time T on
a grid G characterized by %hl , %hl and %l. The full global error at time T is now given by

Ez =27 e, +272h3(e; + €3) + R, (5.3)
where R3 = O(I"" + h{"). Considering the approximation W(T') given by
W(T) = all%‘L,%lU%l’%L’% + azUhl,hl,% +(1-0o — a2)Up 0 5.4)

where the fine-to-coarse grid restriction operator I, », isolates the (N + 2)? elements of
202

Ux, », , corresponding to the (IV + 2)? elements of Uy ny i and Uy, p, 0 (Usy », U ot
3 %3 ’ ’ s ’5 L3 17
anc21 Uzhlfh1 .1 denote the solutions at time T" on grid G3, G; and G and oy and o, 2are2 p;rameters)
and the associated error
E,=a B3+ aE)+ (1 - Qy - az)El, (5.5)
that is,
1 3 2
Ey,=(1- 5(011 + 012) le;+{1-— Zal hl(ez + 63) + R, (5.6)
it may be shown that the terms in e, e; and e3 vanish when
oy = 4 and op = 2 5.7
1= 3 2 = 3 (5.7

This global extrapolation in both space and time using grids G, G, and G has thus produced
an approximation W(T') which is O(I"" + h{") provided the parameters oy and o take the
values given in (5.7).

For o = 0 and B = 0 respectively, it is easy to see from Eq. (5.1) that the method {(3.7),
(3.8)} is second-order in both space and time, that is the full global error at each grid-point is
given by

E|, =1es+ (e2+e3)h3 + R. (5.8)
Using the same technique as before, it may be shown the new approximation W(T') is of order
O(I7 + ki), where ¢* > 2 and s* > 2 provided oy = £ and o = 0.

6. Numerical Results

To observe the behaviour of the numerical method {(3.7), (3.8)}, it and its global extrapolation
in time and space were tested on the following problem

?u 0%y B (_92 ou

59'3_2+3_'£/2 5z~ Bgp =sinu, —T<=z,y<7, t>0, (6.1)
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with initial conditions

u(z,y,0) = 4tan”! (exp(z +y)), -T<z,y<7, (6.2)
Ou 4exp(z + y)
s W ’0 == s -7< yY £ 7 .
AR i prapesy - yoprag oY ©.3)
and boundary conditions

Ou _ 4exp(c +y+1t)
oz~ exp(2t) + exp(2z + 2y)

forr=—-7andz=7, -T<y<7, t>0 ©6.4)
ou _ d4exp(z +y+1)
dy ~ exp(2t) +exp(2z +2y)

fory=~7andy=7, -7<z<7, t>0 6.5)

The theoretical solution of problem (6.1)—6.5), in which the parameter G was given the
value 3 = O is given by

u(z,y,t) = 4tan”! (exp(z +y — t)) . (6.6)

The solution was computed for z and y in the intervals —7 < z,y < 7 and ¢t > 0. The space
and time steps, h and [, were given the values (i) h = 0.25 and [ = 0.1 and (ii) h = 0.1
and ! = 0.05. The errors in the L, and L., norms at time ¢t = 1, 3, 5 and 7 using method
{(3.7), (3.8)} and its extrapolation are given in Table 2 for different values of a. It can be seen
from these values that for 3 = 0 the method is stable when a < 0 and the condition (4.14) is
satisfied, and unstable when o > 0. These results agree with the theory given in Section 4.
Furthermore, it is easy to see that the extrapolation procedure involving both space and time
produced noticeable reductions in error when o < O but at the cost of significantly increasing
the computation time (one way to speed up calculations is to use the algorithm in parallel).
By decreasing the space and the time steps (h = 0.1 and [ = 0.05), it was found that the
errors given by the method (3.7)—(3.8) and its extrapolation have been only slightly improved
in comparison with those given for ! = 0.25 and [ = 0.1.

The results for « = 0 in Table 2 correspond to those given by the leapfrog scheme used
by Christiansen and Lomdahl [4]. It can be seen from this table that the errors given by the
method (3.7)—(3.8) for oo = 0 are similar to those given by this method for & = ~0.01. The
errors associated with the space-time extrapolation for oo = O are not reflected however in
Table 2 as desired.

In Tables 3 and 4, the analytic phase and the modulus of the exact amplification factor
together with the numerical phase (4.23) and the modulus of the numerical amplification
factor G(&,n) (4.22) are compared for the values of A = 0.25 and { = 0.1 for the case £ =5
only (mainly chosen to avoid displaying all other results corresponding to other values of ¢
and n (¢ # n) as they require too much space). It can be seen from Table 3 that the difference
between the analytic and the numerical phases are small. The same thing can also be noticed
for the amplitude (see Table 4). Moreover, as |G(£, 7)| = 1, the method (3.7)—(3.8) is nearly
nondissipative. By choosing different values of the space and time steps, within the scheme’s
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Table 2. Error norms at t = 1, 3, 5 and 7 using the explicit method (3.7)—(3.8) with 3 = 0,
a = —0.01,0,0.2 and 0.5.

Method (3.7)-(3.8) Space-time extrapolation

o h 1 t L, L.  CPU(s) L, Lo CPU(s)

—-0.01 025 0.1 1.0 07339 0.0354 040 0.0128 0.0013 4.38

30 07849 0.0392 1.49 0.0339 0.0037 1098

50 04971 0.0464 1.65 0.0653 0.0058 17.39

7.0 0.6817 00355 220 0.0932 0.0099 23.64

00 025 01 1.0 07221 0.0350 0.70 0.2595 0.0276 6.05

30 07877  0.0431 1.47 0.3186 0.0177  13.39

50 05167 0.0404 212 0.2731 0.0205 2091

7.0 0.6531 0.0353 2.79 0.3237 0.0323 2756

02 025 01 1.0 05180 0.0258 0.70 0.0076 0.0016 6.05

30 10138 0.0758 1.47 0.0316 0.0033  13.39

50 17096 0.1752 212 0.1263 00198 2091

7.0 3.1385 03615 279 2.7906 04437  27.56

05 025 0.1 1.0 0489 0.0350 0.70 0.0236 0.0039 6.05

30 17834 0.1942 1.47 1.4776 0.4884  13.39

50 7.8200 1.1874  2.12 12607.768 2936.244 20.91

7.0 825215 192.877 2.79 - - 2756

Table 3. Analytic and Numerical Phase for h = Table 4. Amplitude Errors for h =
0.25,1=0.1,a=—-0.0land 3 = 0. 025,l=01,a0=—-00land 3 =0.

£ Analytic Phase  Numerical Phase £ |exp(—ilw)| |G(&,7)|
0.000 0.000 0.000 0.000 1.0000 1.0000
0.100 0.057 0.057 0.100 1.0000 1.0000
0.200 0.113 0.113 0.200 1.0000 0.9999
0.300 0.170 0.169 0.300 1.0000 0.9999
0.400 0.226 0.225 0.400 1.0000 0.9997
0.500 0.283 0.281 0.500 1.0000 0.9996
0.600 0.339 0.336 0.600 1.0000 0.999%4
0.700 0.396 0.391 0.700 1.0000 0.9992
0.800 0.453 0.445 0.800 1.0000 0.9990
0.900 0.509 0.498 0.900 1.0000 0.9988
1.000 0.566 0.550 1.000 1.0000 0.9985

stability range, the method was found to offer a good phase representation. It also appears
that the larger the ratio » = [/h one uses, within the scheme’s stability range, the smaller the
phase error.

Note, the analytic and numerical phases given in Table 3 correspond only to those given by
the equations with positive sign (see (4.23) and (4.27)). The other results of the analytical and
numerical phases which correspond to the negative sign can be found simply by multiplying
the values given in Table 3 by (—1).



360 K. Djidjeli et al.

All the calculations were performed on a Sun SPARC station 10 using Fortran with double
precision arithmetic and the plots in all figures were obtained using the graphical system
Unimap 2000.

In the numerical calculations that follow, various cases involving line and ring solitons for
the solution of (2.1) are reported; the parameters o and 3 were given the values & = —0.01
and 3 = 0.05 and the extrapolation method was used. In all the following experiments, the
boundary conditions are taken to be

Ou Ou

6.1. ENERGY CONSERVATION

The existence of conservation laws has been shown to be a characteristic property of soliton-
producing equations. Thus, the conserved quantities may be used to provide a check on
numerical integrations. It is desired therefore, to establish such a quantity which is conserved
with respect to time ¢ for the Sine-Gordon equation. Multiplying equation (2.1) by u; and
integrating over the z—y region yields

//[ututt + ﬁu% — ut(Ugpy + Uyy) + Fuy sinu|dedy = 0. 6.8)

By integrating by parts and then using the boundary conditions (6.7), equation (6.8) can be
reduced to

%{ //[ 242 +ut+2(1—cosu)dzdy}:—[3//ut )2dzdy.

For 8 = 0, the energy for the undamped Sine-Gordon equation given by

6.9

1
E= 5 / /[ufc + ui + u? 4+ 2(1 — cosu)]dzdy, (6.10)

is conserved, while for 3 > 0, the energy is not conserved; this term indicates the energy
dissipated from the wave system.

6.2. LINE SOLITONS
6.2.1. Superposition of two line solitons
The superposition of two line solitons is obtained for F'(z,y) = 1 and initial conditions

flz,y) = 4tan_1exp(:c)+4tan_lexp(y), -6
g(x7y) - 0’ _6

z,y < 6, (6.11)
z,y<6

(6.12)

VANAN

<
<

and are presented in Fig. 1 for 3 = 0.05. The numerical solutions at times ¢ = 1, 2, 3 and 4
are also shown. The results in Fig. 1 show the break up of two orthogonal line solitons which
move away from each other undisturbed. For a small value of 3, the dissipative term is found
to have little effect on the superposition of two line solitons, although at time ¢t = 4, its effect
started to become visible as the moving of the break up of two orthogonal line solitons has
slowed down in comparison with the undamped case. For a large value of 3, however, the
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dissipative term is found to slow down the separation and break up of two orthogonal line
solitons as time increases. The CPU time required to reach t = 4 was 8.96 seconds using the
space-time extrapolation method.

A numerical check of the conservation of energy in the case of the undamped/damped
Sine-Gordon equation is given. The resulting energy is shown in Figure 2(a) for 0 < ¢t < 4.
It can be seen from this figure that for 3 = 0 (undamped Sine-Gordon equation), the energy
remains constant as time increases, while for 3 = 0.05, the energy is found to be decreasing
as time increases (see Figure 2(b)); this is due to the dissipative term.

The initial energy (¢t = 0) is obtained over the region Q by insertion of the initial conditions
(6.11) and (6.12) into equation (6.10) and is given by

blexp(a) — exp(—a)] , alexp(b) — eXP(—b)]>
exp(a) + exp(—a) exp(b) + exp(-b)

El'm'tz'al = 8(

1 1
8 (1 +exp(—2a) 1+ exp(2a)>

1 1
- b
8 (1 +exp(2b) 1+ exp(—2b) + )

1 1
8 (1 +exp(—=2b) 1+ exp(2b)>

1 1

% (1 +exp(2a) 1+ exp(—2a) + a)

+4[sin 2 tan"! (expa) — sin 2tan"! (exp(—a))]

x [sin2 tan"!(exp b) — sin 2 tan"! (exp(—b))].
The energies given in Fig. 2 are obtained as a linear combination of the three energies given
on the grids Gy, G> and G5 using the composite trapezoidal rule for integration, that is,
E = ‘3—‘EG1 + %EG2 — Eg,, where Eg,, Eg, and Eg, are the energies obtained on the grids
G1, G, and G5 respectively.
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6.2.2. Perturbation of a line soliton

Perturbation of a single soliton has been depicted in Fig. 3 for 8 = 0.05 in terms of sin(u/2)
att =2, 3, 5,7 and 11. These results are for the case F(z,y) = 1 and initial conditions

f(z,y) = 4tan”! exp(a: + 1 — 2sech(y + 7) — 2sech(y — 7)),
-7<z,y<7, (6.13)
g(z,y) =0 —-7<z,y<7. (6.14)

The results show two symmetric dents moving towards each other, interacting at time ¢t = 7
and after interaction the dents are seen to retain their shape after the collision. As before, a
small dissipative term is found to have little effect on the symmetric perturbation of static line
solitons but a large dissipative term 3 is found to slow down the formation of the dents.

6.2.3. Line soliton in an inhomogeneous medium

Numerical solutions for a line soliton in an inhomogeneous medium are obtained for the
Josephson current density F(z,y) = 1 + sech?y/z2 + y2 and the initial conditions

f(z,y) = 4tan"'exp ((z — 3.5)/0.954)) ,
g(z,y) = 0.629sech ((z — 3.5)/0.954)) ,

(6.15)
(6.16)

’

7
7

//\ //\

1<z
-7<z

,

and are presented in Fig. 4 for 3 = 0.05 in terms of sin(u/2) at¢ = 6, 12 and 18 in the region
—7 < z,y < 7. The results in Fig. 4 show that the line soliton is moving almost as a straight
line during the transmission through inhomogeneity. For a large value of (3, transmission of
the line soliton across inhomogeneity was found to hardly move the soliton from its initial
position (¢t = 0), the dissipative term is slowing down the evolution of the line soliton as time
increases.

6.3. RING SOLITONS
6.3.1. Circular ring soliton

Circular ring solitons are found for the case F(z,y) = 1 and initial conditions

flz,y) = 4tan""exp(3 — /2?2 +12), -7 < 7,y <

g(z,y) =0 <z,

7 (6.17)
<7 (6.18)

The solutions were sought over the domain —7 < z,y < 7 and are presented in Fig. 5 for
B =0.05att = 2.8, 5.6, 8.4, and 11.2 in terms of sin(u/2). At the initial stage (¢ = 0), it
can be seen that the ring soliton shrinks and as time goes on, oscillations and radiations begin
to form and continue to form up to ¢ = 8.4. At ¢ = 11.2, the graph shows that a ring soliton
is nearly formed again (in the case of the damping switched off, the ring soliton was found
to be already formed). For a large value of 3, the initial shrunk ring soliton was found to be
changing very slowly from its initial position as time increases.
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Fig. 6.

6.3.2. Collision of two circular ring solitons

The collision between two circular solitons is considered for F'(z,y) = 1 and initial conditions

f(z,y) = 4tan"lexp <(4 - \/(:c+ 302+ (y+ 7)2/0.436) ,
—10<2<10, -7<y<T (6.19)

g(z,y) = 4.13sech ((4 - \/(:c +3)2 4+ (y+ 7)2/0.436) ,
-10<2<10, -7<y<7 (6.20)

over the region —10 € z < 10, -7 € y < 7 and are presented in Fig. 6 for 3 = 0.05 at ¢t = 4,
8 and 11 in terms of sin{u/2). The solution is extended across £ = —10 and y = —7 by
symmetry relations. The results in Fig. 6 show the collision between two expanding circular
ring solitons in which, as a result of the collision, two oval-ring solitons bounding an annular
region emerge into a larger oval ring soliton. For a large value of 3, it is found that the
dissipative term is slowing down the two initial ring solitons to emerge into a larger oval ring
soliton, For example, with 3 = 5 the two ring solitons at time ¢t = 11 still look like those
given at t = 1.5 for 8 = 0.05.
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t=7

Fig. 7.

6.3.3. Collision of four circular ring solitons

Finally, a collision of four expanding circular ring solitons is investigated for F(z,y) = 1
and initial conditions

f(z,y) = 4tan""exp ((4 - \/(x +3)2 4 (y+ 3)2/0.436) ,
-30<z,y< 10 (6.21)

g(z,y) = 4.13cosh ((4 - \/(a: +3)2+ (y+ 3)2/0.436) ,
~30< 7,y < 10 (6.22)

over the domain —30 < z,y < 10. The solution was found over one-quarter of the domain
and then it was extended across ¢ = —10 and y = —10 by symmetry relations. The results
are depicted in Fig. 7 for 3 = 0.05 at ¢t = 2, 4, 6 and 7 in terms of sin(u/2), from which
observations similar to those related to the collision of two expanding circular ring solitons
may be made.
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7. Concluding Remarks

A numerical method arising from a two-step, one-parameter method has been developed for
the numerical solution of a damped Sine-Gordon equation.

Numerical experiments for various cases involving line and ring solitons are reported. For
a small value of 3, it was found that the effect of the dissipative term in the solutions of
the Sine-Gordon equation is small in comparison with the undamped Sine-Gordon equation,
whereas for a large value of (3, the dissipative term was found to slow down the evolution of
the line and ring solitons from their initial position as time increases.

For 8 = 0.05, results like 4m-break up into 27 kinks, which move away from each other
undisturbed were found for the superposition of line solitons. Two symmetric dents are found
to move towards each other and to retain their shape after the collision for the perturbed single
line soliton. For the line soliton in an inhomogeneous medium, it was found that the line is
transmitted across the inhomogeneity almost as a straight line soliton.

Shrinking phase initially, oscillating behaviour, and a forming of a ring soliton again are
observed for the circular ring soliton. Finally, for the collision between two circular ring
solitons, expanding ring solitons and emergence into a larger oval ring-soliton are observed.
Similar observations can be made also for the collision of four circular ring solitons.

Finally, it was seen that, for the case where the exact solution is known, the global
extrapolation involving both space and time produced noticeable reductions in error. These
results supported the confidence in applying this method to problem (2.1) in which the
theoretical solution is not known.

Solutions to the Sine-Gordon equation were found to exhibit little numerical dispersion
for values of the space and time steps within the scheme’s stability range.

The authors are very grateful to the referees for their valuable comments and suggestions,
which have improved the paper.
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